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Abstract. The Two-body problem ofM31 and the Milky Way (MW) galaxies with a Cosmo-
logical Constant background is studied, with emphasis on the possibility that they experienced
Past Encounters. By implementing the Timing Argument (TA), it is shown that if M31 and
the MW have had more than one encounter then the deduced mass of the Local Group (LG)
would be larger. Past encounters are possible only for non-zero transverse velocity, and their
viability is subject to observations of the imprints of such near collisions. Using a recent Gaia
- based measurement of the transverse velocity we show that the presence of the Cosmological
Constant requires the mass for the LG to be 35% higher: 3.36+1.14−0.70 · 1012M with no Cosmo-
logical Constant or 4.54+1.20−0.75 · 1012M with a Cosmological Constant background. If the LG
has had one past encounter, the LG mass is 9.99+2.22−1.58 ·1012M with a Cosmological Constant
background. Modified Newtonian Dynamics (MOND) is studied as the accelerations of the
Local Group are fully in the deep-MOND regime. MOND yields the order of magnitude for
the expected baryonic mass only if at least one encounter occurred. While we only consider
the LG as two point masses, our calculations provide a benchmark for future work with sim-
ulations to test Dynamical Friction and other effects. This model can be also used to test
screening mechanisms and alternative theories of gravity.
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1 Introduction
Knowledge of the mass of the Local Group is a crucially important. However, its observational
determination is challenging as a consequence of the fact that the mass of the LG is dominated
by dark matter which cannot be directly observed. The Timing Argument (TA) was proposed
in [1] and was discussed in [2] for the Local Group, as one of the historical probes of the missing
mass problem. The TA assumes that Milky Way (MW ) and Andromeda (M31) have been
approaching each other despite cosmic expansion. In its simplest version, the LG consists of
the MW and M31 as two isolated point masses. Briefly after the big bang these two galaxies
must have been in the same place with zero separation. Due to the Hubble expansion these
two galaxies moved apart. After couple of billion years, they slowed down and then moved
towards each other again, as a consequence of the gravitational pull.
Earlier estimations for the LG mass have been done with different methods: considering
simulations [3–6], the TA as much as the virial theorem [7, 8], numerical action method [9]
and machine learning [10]. The estimations predict that the mass of the LG should be around
1012 solar masses (M). [11] states that the presence of the Cosmological Constant causes the
predicted mass of the LG to be 13% higher for the timing argument consideration, although
the Cosmological Constant has a small value [12, 13]. This argument uses the assumption
that tangential velocity of M31 is much lower then its radial velocity, which in agreement with
the latest observations [14]. However, taking into account the tangential velocity yields the
possibility for past encounters (PE) of the LG during avoiding a straight head on collision.
In this paper we investigate the effects of PE on the predicted mass of the LG. We show that
additional encounters leads higher mass. Although the latest Gaia measurements analyses
[14] do not imply for past encounters between the Milky Way and Andromeda, our calculations
predict the impact on the LG if PE took place.
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Another explanation for the galactic rotation curve, beyond the existence of dark matter,
is the Modified Newtonian Dynamics (MOND). For very low accelerations the deep-MOND
regime requires a totally different behavior of Newtonian Second Law. The accelerations
obtained for M31 are much lower than the critical acceleration of MOND. Hence, the LG
is a natural lab to test MOND. Earlier publications considered MOND in order to predict
the LG mass, but without the effects of the Cosmological Constant. This paper analyses
the complete impact of MOND with or without a Cosmological Constant in the presence of
angular momentum.
As observed in Ref. [15? ], for local scales (up to 30Mpc) the expansion of space time
is governed by the Cosmological Constant without effects of the dark matter on the scale
factor. In the case of the Local Group the distances are of order 1Mpc, well inside this limit.
This is unlike [16, 17], that include MOND with dark matter, while MOND should replace
dark matter. The Cosmological Constant has to be taken into account because this is a local
effect.
The structure of this paper is as follows: Section 2 discusses the formalism of two-
body motion with a Cosmological Constant. Section 3 explains the numerical method for
extracting the mass of the LG for one dimensional case. Section 4 we explain the same
analysis considering angular momentum in two dimensional case. Section 5 compares the
result under MOND formulation and discusses the evolution of the motion of the galaxies.
Section 6 summarizes the results.
2 Extended two-body problem
2.1 Basic formulation
Dark energy is a relativistic entity with a rigorous description possible only in the framework
of General Relativity. Nevertheless, the repulsive effect from the cosmic expansion can be
described in the weak field limit. The effect on the motion of a test body can be consid-
ered in the framework of the spherically symmetric Schwarzschild vacuum solution with a
Cosmological Constant:
ds2 = (1 + 2φ/c2)(cdt)2 − (1− 2φ/c2)d~x2 (2.1)
where c is the speed of light in vacuum and φ is the potential. The potential with a Cosmo-
logical Constant background becomes:
φ = −GM
r
− Λc
2
6
r2 (2.2)
where G is the Newtonian gravitational constant. The total Lagrangian for two particles with
the corresponding potential reads [19]:
L = 1
2
m1v
2
1 +
1
2
m2v
2
2 +
Gm1m2
|r1 − r2| +
Λc2
6
(
m1r
2
1 +m2r
2
2
)
(2.3)
Notice that the action has a symmetry under m1r1 ↔ m2r2. Let us consider the center of
mass and relative motions. The center of mass coordinate system is defined by the parameters:
r := |r1 − r2|, ~v := d
dt
~r, (2.4)
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Figure 1. The effective potential vs. radius for two-body system with or without a Cosmological
Constant.
M := m1 +m2, µ :=
m1m2
m1 +m2
,
In the center of mass system, the Lagrangian can be re-written as:
L = 1
2
µv2 +G
Mµ
r
+
Λ
6
µr2 (2.5)
In polar coordinate system (r, ϕ), the relative distance variation reads [20, 21]:
r¨ =
L2
r3
− GM
r2
+H2Λr, (2.6)
where the constant H2Λ =
1
3Λc
2 is the local quadratic Hubble constant, and L is the conserved
angular momentum per mass (~L = ~r×~v). In polar coordinates the angular momentum reads:
L = r2ϕ˙ = r vtan, (2.7)
where vtan is the tangential velocity. Since the force is time independent, an integration of
the equation yields a conserved energy:
E =
1
2
r˙2 + V (r) (2.8)
with the effective potential:
V (r) =
L2
2r2
− GM
r
− H
2
Λ
2
r2. (2.9)
With this potential the galaxies cannot fall one each other. The left panel of Fig. (1)
shows that there are two extremal points. The closer one is a minimum and the other is a
maximum. For large distances the repulsive force arising from the Cosmological Constant
makes impossible any bound structure, so the Cosmological Constant gives us a bound on
the maximum size of the bound systems.
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2.2 The natural units for the LG dynamics
The basic equation for the simplest model is Eq. (2.6). We can express the time in units
relative of the time of the universe:
t˜ := t/tu (2.10)
so today t = 13.7Gyr = 1tu. Eq. (2.6) can be re-scaled as:
r¨ =
L˜2
r3
−
(
M
M
)
r3s
r2
+ (HΛtu)
2r (2.11)
where L˜ is the angular momentum in units of the re-scaled time. The dimensionless coupling
reads HΛtu ≈ 0.62. Moreover, the distance rs reads:
rs =
3
√
G · 1012M · t2u = 0.96Mpc. (2.12)
Using those units, from the latest measurements of M31 one can get the current values of the
distance and the velocities of M31:
rm31(tu) = 0.77± 0.04Mpc, (2.13)
vrad(tu) = −1.57± 0.06Mpc t−1u , (2.14)
which measured in Ref. [7]. vrad is the radial velocity towards the Milky Way galaxy.
The updated Gaia measurements give a new large range for the tangential velocity,
which obtain in Ref. [14]:
vtan(tu) = (0.83± 0.46) Mpc t−1u , (2.15)
where vtan is the tangential velocity. In their original research from 2012, Ref. [7] mentions
a smaller range for the possible tangential velocity of M31:
vtan(tu) = (0.36± 0.12)Mpc t−1u , (2.16)
where the error bars are in 1σ. In this paper we compare between those two ranges. Ref.
[22] claims larger tangential velocity which should be discussed. Due to the fact that that
the current relative distance between the galaxies is in the same order of the distance rs, one
has to take the effects of the Cosmological Constant into account in addition to gravitational
effects.
The TA has been used in order to estimate the mass of the LG. We restrict ourselves
to a simple basis of the TA as an isolated, two dimensional system. Galaxies are modeled as
point masses. Moreover, as the galaxy pairs are isolated, there are no external gravitational
fields. The "initial condition" of the model is r(t = 0)→ 0, which refers to the big bang.
3 LG mass from GR
3.1 The method
In order to calculate the mass of the Local group we changed the direction of time by consid-
ering the opposite direction of the velocity at t˜ = 1, which will be our initial conditions. We
evaluate the measured distance of M31 to obtain what should be the distance at t = 0, for
different LG masses.The upper panel of Figure (2) presents the distance for the big bang for
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Figure 2. The upper panel presents the distance between Milky Way and M31 at t = 0 for different
masses of the LG. Extracting the masses from this leads to the numerical solution of the relative
distance of the LG vs. time, as the lower limit shows.
one dimensional case (with no tangential velocity) vs. the masses of LG, with the Cosmologi-
cal Constant, and without the Cosmological Constant. The lower panel of Figure (2) presents
the relative distance between the galaxies with or without the Cosmological Constant vs. the
cosmic time. The difference between the solutions is not so high, however, the masses that
fit for those solution have distinguishable values. When we didn’t consider a Cosmological
Constant, the mass obtained for the LG is predicted to be:
MLG = (4.20± 0.19) · 1012M, (3.1)
while, considering a Cosmological Constant, the mass obtained becomes 13% higher:
MLG = (4.76± 0.21) · 1012M. (3.2)
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Figure 3. The upper panel presents the data fitting between the number of encounters and the
predicted mass of the LG. The lower panel shows The expected distances at t˜ for different masses of
the Local Group (masses spectrum). The right panel presents the data fitting between the number of
encounters and the predicted mass of the LG.
This result was obtained in Ref. [11]. The complete analyses for many different dark energy
models was done in Ref. [23].
Because of the tangential velocity in much lower than the radial velocity, one can estimate
the model only for one dimension. However, evaluating the numerical solution for the distance
(back in time) after approaching r → 0, a singularity breaks the evaluation, because of the
term GM/r2 in Eq. (2.6). While we consider the angular momentum, the minimal size of the
LG could not approach zero, and the evaluation of the solution for different masses could also
present higher masses that give the same initial and final conditions, with past encounters of
the LG.
4 Considering an angular momentum
We used the same method also to predict the mass of the LG, but in addition to the con-
tribution of the angular momentum, which was estimated by the tangential velocity (the
minimal measured value). The spectrum of masses vs. the evaluated distance in the big bang
(t˜ = 0) is presented in Fig. (3). We see that there are several masses that fit to the initial
condition of the big bang (r(t˜)→ 0) because of the the existence of the angular momentum.
Any additional encounter presents in the plot as different minimum. The minimal distances
are represented in table 1 in Kpc. Considering the angular momentum reduce the predicted
mass. With no Cosmological Constant background, the presence with the angular momentum
reduces the predicted mass from (4.20±0.19) ·1012M to 3.36+1.14−0.70 ·1012M. With a Cosmo-
logical Constant background the reduction is from 4.54+1.20−0.7510
12M to (4.76±0.21) ·1012M.
For any additional encounter, the predicted mass should be a few times higher, but the
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No Cosmological Constant
Past Encounters Mass Minimal Distance
(1012M) (Kpc)
0 3.36+1.14−0.70 9.89± 0.93
1 9.70+2.19−1.55 3.95± 0.48
2 18.87+3.83−2.98 4.12± 1.85
With Cosmological Constant
Past Encounters Mass Minimal Distance
(1012M) (Kpc)
0 4.54+1.20−0.75 8.75± 0.85
1 9.99+2.22−1.58 3.83± 0.47
2 19.53+3.86−3.01 7.77± 6.11
Table 1. The predicted mass of the Local Group vs. the number of encounters with or without a
Cosmological Constant background with the updated Gaia measured tangential velocity [14]. The
minimal relative distance during the motion is also presented in Kpc.
difference between presence or absence of the Cosmological Constant background decreases
meaningfully.
The prediction for higher mass for PE may observed from the dimensional analyses of the
right hand side of Eq. (2.6). PE re-scale the time in the right hand side and therefore impose
higher mass for the left hand side. This is an intuitive explanation that confirmed from the
numerical solution. From the numerical solution of Eq. (2.6) higher predicted masses give
the same final conditions with higher encounters. Fig. (4) presents the numerical solution for
the relative distance for different masses and different encounters. In the left panel presents
the motion for different cases. We integrate the θ˙ term from Eq. (2.7) in order to calculate
the angle ϕ =
∫
L
r2
dt. The final conditions for the numerical solution was ϕ(t˜ = 1) = 0. One
can see that higher encounters give shorter distance for the semi-minor axes. In addition,
there is a small shift for the angle which could be calculated from this model.
4.1 Comparison of the impact of tangential velocity measurements on the LG
mass
Ref. [7] mention a smaller range for the possible tangential velocity of M31 which is different
from the current Gaia measurements. In order to have the complete analyses one can see
the in table (2) the predicted mass for several past encounters. The deviations are around
1010M. For larger radial velocity, the predicted mass is bigger.
5 Modified Newtonian Dynamics
5.1 Basic formulation
The fundamental approach of MOND [24? , 25] consists of changing Newton’s Second Law
(NSL) instead of adding dark matter, in order to explain the flat rotation curve of galaxies.
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Figure 4. The upper panel shows the numerical solution of the relative distance between the galaxies
vs. the cosmic time for the values of the masses. The lower panel shows the number of the encounters
is written also. The predicted physical motion of M31 for different numbers of encounters.
Millgrom’s suggestion was to modify N.S.L by considering a function of the acceleration:
F = maµ
(a0
a
)
(5.1)
The simple MOND representation uses the function:
µ
(a0
a
)
=
[
1 +
a0
a
]−1
, (5.2)
while the standard representation uses the function:
µ
(a0
a
)
= [1+(
a0
a
)
2
]−1/2
. (5.3)
For a a0 both functions µ
(
a
a0
)
→ 1, which reproduces the NSL. The deep-MOND regime
reads the limit a a0. In the deep-MOND regime both functions are reduced to µ
(
a
a0
)
→ aa0 ,
which yields the galactic flat rotation curve, with modifies NSL:
F = m
(
a2
a0
)
(5.4)
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No Cosmological Constant
Past Encounters Mass Minimal Distance
(1012M) (Kpc)
0 3.65+0.49−0.34 4.71
1 9.17+1.35−1.08 1.87
2 18.68+2.89−2.45 9.12
With Cosmological Constant
Past Encounters Mass Minimal Distance
(1012M) (Kpc)
0 4.13+0.55−0.39 4.18
1 9.47+1.39−1.12 1.81
2 18.93+2.93−2.48 0.91
Table 2. The predicted mass of the Local Group vs. the number of encounters with or without a
Cosmological Constant background, with the original measured tangential velocity [7]. The minimal
relative distance during the motion is also presented in Kpc.
Newtonian gravity allows us to transform to another accelerated frame which generates a
uniform gravitational potential, which is compensated by a linear transformation of the New-
tonian potential which leaves Newton’s equations and Poisson equation invariant [18]. This
symmetry is correlated to the translation symmetry of the Newtonian cosmology, where ob-
serving the Universe from another "center" corresponds to shifting to another accelerated
frame, but where all the laws remain invariant. Such trivial formulations of MOND are not
consistent with cosmology. However we explore the effects of MOND in a local way under
the assumption that there exists a theory which does not violate cosmological principles on
large scales and reduces to MOND in the appropriate limit.
There are two different contributions to the acceleration. One is the angular momentum
term (L
2
r3
) which is part from the size of the radial acceleration r¨, and the gravitational part
with the Cosmological Constant, which is related to the generalized Newtonian force gN :
gN = −GM
r2
+H2Λr. (5.5)
The connection between those contributions is different due to the MOND special function.
In the simple approach, the connection reads:
r¨ − L
2
r3
=
gN
2
+ Sign(gN )
√
(
gN
2
)2 + |gNa0|, (5.6)
while the standard MOND special function gives the connection:
r¨ − L
2
r3
= Sign(gN )
√
(
gN
2
)2 + Sign(gN )
√
(
gN
2
)4 + (gNa0)2, (5.7)
In order to keep the direction in the same direction of the Newtonian force and the modified
acceleration we introduce the sign of the Newtonian contribution in the equation, to force
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Past Encounters Mass 1012M· Minimal Distance (Kpc)
1 0.49± 0.03 74± 50
2 1.21± 0.09 40± 26
3 3.32± 0.19 40± 26
Table 3. The predicted mass of the Local Group (1012M) vs. the number of cycles for the standard
MOND. The analyses include the updated Gaia measured tangential velocity of M31 galaxy.
the MOND force and the Newtonian contribution to point in the same direction. In the
deep-MOND regime the modification will be:
r¨ − L
2
r3
= Sign(gN )
√
|gNa0|, (5.8)
which is the low accelerations limit for both functions.
5.2 The LG as a lab for MOND
The current accelerations terms are in the order of one Mpc per universe time squared:
GM
r2
≈ 1
t2u
1.5Mpc, H2Λr ≈
1
t2u
0.47Mpc, (5.9)
as we can calculate from the known measurements. However, the critical acceleration of
MOND is two orders higher:
a0 ∼ 1
t2u
726Mpc a, (5.10)
which implies that the deep-MOND regime can be taken. However, it is preferable to take
the exact solution, due to the fact that in the history of the LG, the relative distance was
much lower, and therefore the acceleration approached also the Newtonian limit.
With the same method that used for the Newtonian gravity, all of the versions of MOND
(simple, standard and deep) predicted a very low mass to the LG partially to the Newtonian
gravity:
MLG = (2.28± 0.05) · 1010M, (5.11)
while, considering a Cosmological Constant, the mass obtained becomes 2 orders higher:
MLG = (0.46± 0.01) · 1012M, (5.12)
but still one order smaller from the predicted value of the Newtonian gravity. Adding a
Cosmological Constant to the acceleration term, produces a small difference between the
simple version of MOND versus the others. That difference is reduced when we demand the
initial condition r(t = 0) = 0, and yields the same masses.
5.3 Presence of angular momentum
Taking into account the tangential velocity generalized the problem essentially. In Fig (5) one
can see the spectrum of the mass vs. the distance close to the big bang. Table (2) presents the
predicted values for the standard MOND from the numerical analyses. All of the functions
– 10 –
Figure 5. The upper panel presents the expected distances at t˜ for different masses of the LG (masses
spectrum) for different functions of MOND. The lower panel presents the data fitting between the
number of encounters and the predicted mass of the LG for the standard MOND function.
were tested and give different results. The first encounter does not appear under this method
due to the presence of the angular momentum and the Cosmological Constant.
In order to investigate the two dimensional solution, as we discussed for the Newtonian
case, we reserve the angle for the angular motion. Figure (6) presents the solution for the
angular motion under the standard MOND function behavior. The main difference between
the Newtonian gravitational solutions and the standard MOND solution is the periastron
advanced when more then one encounter takes part in the history of universe. While in
the Newtonian gravity periastron advanced is negligible, the standard MOND yields a large
change. This was also predicted by Ref. [26] although the other models didn’t take into
account the Cosmological Constant in addition to modified inertia of MOND.
Past encounters are problematic with ΛCDM background due to the strong Dynamical
Friction (DF) that comes from the dark matter [? ? ]. [29? ] used an N-body simulation to
track the evolution of the LG, focusing on the Milky Way and Andromeda. The simulation
shows that DF between the galaxies would lead to the eventual merger of the LG. However,
for MOND the scenario is different: it provides an alternative law of inertia and therefore
there is less matter and less DF. Ref. [16, 17] claim from N-body simulation that in MOND
the galaxies would not merge after the past encounter.
6 Discussion
In this paper we relate the mass of LG with the number of past encounters using the Timing
Argument. we are treating are treating the MW and M31 galaxies as point particles that
emerge briefly after the big bang at a very small distance. In order to have the same final
conditions for the M31 distance and velocity at the present time, one can extract the mass
for the LG. Fig. (7) summarizes the predicted masses for the LG for different theories of
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Figure 6. The upper graph presents the relative distance of the LG for two, three and four encoun-
ters, under the standard MOND behavior. The lower graphs present the two dimensional motion of
the same solutions, where the left plot represents two encounters, the middle one represents three
encounters and the right one represents four encounters.
gravity. Ref. [10, 11, 23] showed that introducing a Cosmological Constant background, the
extracted mass needed to be 13% higher as compared to the case without a Cosmological
Constant . Other tests for the LG mass yield the same orders of magnitudes, as Ref. [4].
However, We found that the presence of the angular momentum changes the difference to
35%. Therefore the evolution of LG have to include the Cosmological Constant background
even if past encounters where not address in LG history.
As observed in Ref. [15], up to 30Mpc the expansion of the space time is governed
by the Cosmological Constant without effects of dark matter. Therefore in our analysis of
the Local Group, we avoided the part of the Hubble Parameter which includes dark matter
contribution.
Using the minimal measured tangential velocity yields the total angular momentum
for the LG. In the Newtonian case, by considering the angular momentum, the predicted
mass becomes lower (3.36+1.14−0.70 · 1012M), however considering the effect of the Cosmological
Constant gives the opposite effect and larger (4.54+1.2−0.75 ·1012M). The presence of an angular
momentum prevents singularities, that under this model gives the option for past encounters.
However, since the angular momentum is not large enough, the impact parameter is still
smaller than the size of the galaxies, therefore the LG is unlikely to survive with MW and
M31 still as independent galaxies after any such encounter. We find that any additional
encounters lead to higher mass for the LG. The periastron advanced that emerges from
additional encounter is very small for the Newtonian case. MOND is a formulation that
modifies the Newtonian Second Law for low accelerations instead of dark mater. The ratio
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Figure 7. A summary of the predicted LG mass, for GR and the standard MOND. Considering the
averaged angular momentum (AM) allows for past encounters and require higher mass for the LG.
between the dark matter and baryonic matter according to the ΛCDM model is around six,
where for different galaxies the ratio is approximately ten [28]. Therefore, if the Newtonian
TA predicts that the mass of LG should be around 4 · 1012M, then the baryonic matter
should be around 0.4 · 1012M for the MONDian cases. Those MONDian cases occur only
after one past encounter.
We examined three different functions for the MOND expression that replaces Newton’s
second law (as a the local treatment [18]). We study first the standard MOND function
that approaches the deep-MOND regime much faster than the simple MOND function, then
we consider the standard MOND function. In the case that we do not consider angular
momentum, the predicted baryonic mass is 2.28 · 1010M with no a Cosmological Constant
or 0.45 · 1012M with a Cosmological Constant background. When the angular momentum
is considered, only the motion with one past encounter yields the same order of the baryonic
mass required by the know luminous matter, i.e., 0.49 ± 0.03 · 1012M. We also note the
possible PE for MOND, due to the weak Dynamical Friction when the galaxies passes one
each other.
Finally, it will be important to extend the analysis to modified theories of gravity that
predict a linear component in the gravitational potential instead of modifying the inertia
as MOND. This model could be useful to test the validity for those theories, whenever the
predicted mass would be much smaller than the Newtonian model. These models could arise
from conformal gravity as in Ref. [30] or as in the case of describing dark matter as a scalar
field with a diffusive dynamics, as discussed in Ref. [31].
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